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Presenter
Presentation Notes
這周的三節課
我們要介紹 probabilistic graphical models



  
• 內容 

– representation 
– inference 
– learning 

 
• 實例 

–電腦視覺、影像處理 
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Presentation Notes
我們可以大致將內容分成三段 第一個小時 我們的重點是 representation 第二個小時 是 inference 最後則是 learning 以及實例



目標 

• 甚麼是 probabilistic graphical models? 
 

• 可以用來解決甚麼問題? 怎麼用? 
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Presenter
Presentation Notes
Graphical models 的內容涵蓋非常廣   有很厚的教科書   通常是一整個學期的課
由於時間有限  我只希望在接下來三個小時內  大家能對底下幾件事有更進一步的認識
第一點是如果有人問你甚麼是 graphical models, 你要能夠用自己的話解釋
第二點是 graphical models 可以用來解決甚麼樣的問題? 以及要怎麼用  
我們會用實際的例子 來了解 graphical models 的用處




參考內容 
• “Probabilistic Graphical Models: Principles and 

Techniques” 
– Daphne Koller and Nir Friedman 
– http://pgm.stanford.edu/ 
– MOOC course on Coursera 
– “Graphical Models in a Nutshell” 

http://ai.stanford.edu/~koller/Papers/Koller+al:SR
L07.pdf 
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Presentation Notes
演講的主要參考資料是 Koller 和 Friedman 的書  以及一篇相關的簡介文章
如果要對 PGM 有深入的了解  可以仔細地讀這本教科書  以及 coursera 課程
如果沒有這麼多時間  可以先讀一下 graphical models in a nutshell 這篇文章

http://pgm.stanford.edu/
http://ai.stanford.edu/~koller/Papers/Koller+al:SRL07.pdf
http://ai.stanford.edu/~koller/Papers/Koller+al:SRL07.pdf


Graphs 

nodes and links 

directed undirected 
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Presenter
Presentation Notes
就讓我們開始  首先 既然是 graphical models, 就應該要有 graph  如果是大學是念資工系  應該對 graph 不陌生
在離散數學 或是 資料結構  或 演算法 都會學到  譬如 tree 就是一種 graph
一個 graph 會包含 node (或 vertex) 和 link
大家應該還記得  graph 有兩種 一種 link 有箭頭  directed graph 另一種沒有箭頭叫做 undirected graph
Link 描述了 node 之間的特殊關係  如果有箭頭  表示 parent 和 child 關係  沒有箭頭 則是鄰居   在我們今天介紹的 graphical models
也是以這兩種型式作為區分



機率 
random variables 
 
joint probability 
 
Independence 
 
marginal probability 
 
conditional probability 
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Presentation Notes
除了 graph 之外  probabilistic graphical models 還包含了機率
我們會看到一些熟悉 (或是曾經熟悉) 的詞 譬如 隨機變數 joint probability, independence, marginal probability, conditional probability
我們等一下會有一個簡短複習  這些概念在 graphical models 很重要



機率 + 圖形 
a tool for modeling uncertainty 

 
 
a general-purpose modeling language for 
exploiting the independence properties in the 
distribution 
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Presentation Notes
所以 簡單的說  graphical model 就是 把機率和圖形結合起來  是一種用來描述 不確定性 的工具
可以用來機率分布包含的 independence   讓變數之間的關係簡化  通常這樣做 對於我們解決問題會有很大的幫助



  
uncertainty:  
 probabilities 
 
logical structure: 
 independence constraints 
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Presentation Notes
不確定性 Uncertainty 是靠機率來描述
變數之間的 independence 和 限制  則是靠圖形的結構來描述



  
uncertainty: 
 1. observations are partial 
 2. observations are noisy 
 3. innate nondeterministic 
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Presentation Notes
為甚麼會有不確定性, 可能是因為我們只能觀察到一部分現象  



  
uncertainty: 
 1. observations are partial 
 2. observations are noisy 
 3. innate nondeterministic 
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為甚麼會有不確定性, 可能是因為我們只能觀察到一部分現象  
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 2. observations are noisy 
 3. innate nondeterministic 
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 3. innate nondeterministic 
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Presentation Notes
為甚麼會有不確定性, 可能是因為我們只能觀察到一部分現象  



  
uncertainty: 
 1. observations are partial 
 2. observations are noisy 
 3. innate nondeterministic 
 
structure: 
 1. joint probability distribution P(A,B) 
 2. posterior distribution P(A|B = b) 
 3. conditional independence and 
factorization 
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Presentation Notes
至於結構  雖然我們的模型一開始只有 joint distribution 譬如 描述 A,B 共同發生的各種可能情況
或是 觀察到 B 等於 b 的情形下 A 發生的機率
或是更進一步 利用 conditional independence 的性質  把機率分成好幾個 factors 相乘   
這可以藉由 graph 的結構來描述
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應用範例: image de-noising 
 
 

PRML, Chris Bishop 

Presenter
Presentation Notes
這是從 著名的 PRML 書裡面取出的範例
我們可以把一張影像 想成是網格狀的 圖形
每個像素是一個節點  上下左右相鄰像素之間  用線連起來 表示他們互相之間有某種關聯  互相影響
觀察到的是有雜訊的影像 y  我們想要猜出來沒有雜訊的影像長甚麼樣子
假設 -1 代表黃色  +1 代表藍色    空白的節點 應該填上甚麼顏色  



應用範例: image labeling 
“Efficient Inference in Fully Connected CRFs with Gaussian Edge 
Potentials”,  Krahenbuhl and Koltun 
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Presentation Notes
類似的例子  每個像素 應該填上甚麼標籤
結構在這裡扮演的角色  相鄰的像素 通常會有類似的標籤



Graphical models 

nodes: random variables 
links: probabilistic constraints between variables 

Bayesian network Markov network 
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Presentation Notes
對於 graphical models 來說, 節點代表的是隨機變數
連結則是描述變數之間的限制
兩種最典型的 graphical models
有箭頭的這種叫做 Bayesian networks  沒有方向的叫做 Markov 




  
• Bayesian networks 

– directed acyclic graphs (DAGs) 
– conditional probability distributions (CPDs) 
– decompose the distribution as a product of CPDs 

 
• Markov networks 

– undirected graphs 
– cliques (complete subgraphs) and factors 
– non-negativity: the only constraint on the 

parameters in the factor 
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Estimating joint distributions? 

 
For me, estimating joint distributions is a bit like 
playing God. 
You can’t do everything! 
            Vladimir Vapnik 

quote from  “Graphical Models for Machine Learning and Digital Communication”, 
Brendan J. Frey 
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Estimating joint distributions 

Season 

Flu Hayfever 

Muscle-pain Congestion 

4-valued 

binary-valued 

binary-valued binary-valued 

binary-valued 

modeling P(S, F, H, C, M) 
4 × 2 × 2 × 2 × 2 = 64 configurations 
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Presentation Notes
流感   花粉症過敏  鼻塞
描述 joint probability 忽略 關聯性



稍微回憶一下機率 

joint 
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Presenter
Presentation Notes
到目前為止我們知道 graphical models 和圖形有關 
也和機率有關  讓我們稍微複習一下機率
我們先考慮離散的形式 可以用表格來表達機率  假設變數 A 有三種狀態 小寫的 a0 a1 a2  變數 B 有兩種狀態 小寫 b0 b1
所以 要描述 joint probability P(A,B) 我們要填入這六格  數字 a0b0 的機率是  總和是 1



Table representations 

joint marginal 
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Conditional probabilities 

23 



Evidence 𝑃(𝐴|𝐵 = 𝑏0) 
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Factorization 

large factor  large  table (不喜歡) 

conditional independence 有助於簡化  factors 

chain rule 
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Factorization and graphs 

directed graphs 
• Bayesian networks 

– d-separation 
– parent-child 
– causality 

undirected graphs 
• Markov networks 

– blanket 
– neighbors 
– clique 
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Conditional independence 

Season 

Flu Hayfever 

Muscle-pain Congestion 
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Bayesian networks 

• directed acyclic graphs (DAGs) 
• joint distribution  factorization of 

conditional probability distributions (CPDs) 
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Bayesian networks 
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Season 

Flu Hayfever 

Muscle-pain Congestion 



Conditional independence 
assumptions in Bayesian networks 
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Season 

Flu Hayfever 

Muscle-pain Congestion 



Flow of influence 
Consider a simple three-node path X − Z − Y. If 
influence can flow from X to Y via Z, we say that 
the path X − Z − Y is active.  
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X Z Y X Z Y 

X 

Z 

Y 

X 

Z 

Y 

causal path evidential path 

common causal common effect 

X 

Z 

Y 

W 



Flow of influence 
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Active paths 
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Directed separation (d-separation) 
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Independence and factorization in BN 
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Intelligence 

Grade 

SAT 

Happy Job 

Letter 

Difficult 

Coherence 

example from PGM,  
Koller and Friedman 
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Markov networks 

• Markov random fields (MRF) 
• undirected graphs 

– Nodes: variables 
– Links: connect a pair of nodes 

 

• specify a factorization and a set of conditional 
independence relations for the joint 
distribution of the random variables 

 

PRML, Chris Bishop 
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Conditional independence properties 
in MRF 

• consider all possible paths that connect nodes 
in set A to nodes in set B  
– if all such paths pass through one or more nodes 

in set C, then all such paths are 'blocked' and so 
the conditional independence property holds 

A 

C B 
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Factorization properties 

• expressing the joint distribution as a product 
of functions defined over sets of variables that 
are local to the graph 
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Clique 
• a complete subgraph 

– A subset of the nodes in a graph such that there 
exists a link between every pair of nodes in the 
subset 

• a maximal clique is a clique such that it is not 
possible to include any other nodes from the 
graph in the set without it ceasing to be a 
clique 



Maximal cliques 
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Presenter
Presentation Notes
A graph with 23 1-vertex cliques (its vertices), 42 2-vertex cliques (its edges), 19 3-vertex cliques (the light and dark blue triangles), and 2 4-vertex cliques (dark blue areas). The six edges not associated with any triangle and the 11 light blue triangles form maximal cliques. The two dark blue 4-cliques are both maximum and maximal, and the clique number of the graph is 4.
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Potential functions 

• the joint distribution can be written as a 
product of potential functions over the 
maximal cliques of the graph 
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Computational limitation 
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Strictly positive potential functions 
• express the potential functions as exponentials 

 
 
 
 
 

• the joint distribution is defined as the product of 
potentials, and so the total energy is obtained by 
adding the energies of each of the maximal 
cliques 
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MRF modes as binary pixels 

cliques? 

PRML, Chris Bishop 
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應用範例: image de-noising 
 
 
 

• noise model 
– E.g., flipping the sign of the pixels with probability 

10% 

PRML, Chris Bishop 



46 

Joint probability 

state 
noisy image 

state-state 
compatibility 

function 
neighboring 
state nodes 

local  
observations 

image-state 
compatibility 

function 
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Energy functions 

• we need to choose energy functions for the 
cliques 
– a suitable energy function should express the 

relations among the nodes of a cliques 
– E.g.,  

minimizing energy = maximizing probability 
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How to minimize the energy function? 

Iterated conditional modes (ICM) 
• Coordinate-wise gradient descent 
• Not guaranteed to find the global minimum 

 
• inference (下次上課) 
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Iterated conditional modes (ICM) 



50 

ICM example 

-1 

+1 



Factorization and graphs 

directed graphs 
• Bayesian networks 

– d-separation 
– parent-child 
– causality 

undirected graphs 
• Markov networks 

– blanket 
– neighbors 
– clique 
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例子一: Bayesian network 
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SamIam 

http://reasoning.cs.ucla.edu/samiam/


Summary 

• graphical models 通常分成哪兩類? 
 

• graphical models 好處? 
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Markov networks 

• undirected graphs 
• cliques (complete subgraphs) 
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A 
D B 

C 
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Maximal cliques 
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Factor and energy function 
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Independencies in Markov networks 

58 
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Image de-noising 

graph-cut iterated conditional modes 

PRML, Chris Bishop 
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